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AMC Day18

o (143 ) Right triangle ABC has leg lengths AB = 20 and BC = 21. Including AB and BC
, how many line segments with integer length can be drawn from vertex B to a point on
hypotenuse AC? (2018 AMC 10A Problem 16 )

A5 B. 8 C.12 D. 13 E. 15

Answer @iy,

Let D be the foot of the altitude from B to AC. By the Pythagorean Theorem,

AC = +/20% +21% = 29.

Computing the area of AABC in two ways gives % -20-21= % -29 - BD,
420

BD ===
SO 29,

14 < BD < 15.

As a point moves from D toward either endpoint of AC, its distance from B increases.

— : . 42 — ... 42
Along DA, the distance increases from 2—;) to 20. Along DC, it increases from 2—90 to 21.

Thus, each integer length from 15 through 20 occurs twice, once on each side of D, while

length 21 occurs only once, at C.
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Therefore, the total number of segments is 2(20 — 15+ 1) + 1 = |(D) 13|

e (143 ) A square of area 2 is inscribed in a square of area 3, creating four congruent
triangles, as shown below. What is the ratio of the shorter leg to the longer leg in the

shaded right triangle? ( 2023 AMC 10A Problem 11 )

A.l B_l

5 4
C.2—-43 D. /3—-42
E. v2-1

o

Let z be the length of the shorter leg of the right triangle. Then the longer leg has length
v/3 — z. The hypotenuse has length /2. By the Pythagorean Theorem, z? + (/3 — z)% = 2.
This equation simplifies to 22 — 24/3z + 1 = 0, and the Quadratic Formula gives

T = \/52:&1. Since z is the shorter leg, we take ¢z = \/52_1, V3—z= \/§+1.The

2
.. l(\/g_l) \/g—].
2 A _
requested ratio is /3 Y 1_2 V3= [(C)2—+3|
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In square ABCD, points P and @ lie on AD and AB, respectively. Segments BP and
C’_Q intersect at right angles at R, with BR = 6 and PR = 7. What is the area of the

square? ( 2021 Fall AMC 10B Problem 15)

D C

A. 85 B. 93 C. 100 D. 117 E. 125

Answer iy

Note that AAPB = ABQC: both are right triangles, AB = BC, and LABP = /BCQ

because AB 1. BC and BP L. CQ. Thus, QC = PB=PR+ RB=7+6=13.

Let CR=z. Then RQ =13 — z.
Since BR is the altitude to the hypotenuse of right triangle QBC, we have QR - RC = BR?.

Substituting gives (13 — z)z = 36, so z2 — 13z +36 =0, (z — 4)(z — 9) = 0.
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Since Q lies on AB, we have BQ < AB = BC.
Applying the Pythagorean Theorem to ABQR and ABCR gives
BQ? = BR? + QR?, BC? = BR? + CR?.

Therefore, QR < CR, so x = 4 is impossible. Hence CR = 9.

Finally, by the Pythagorean Theorem in ABCR, BC? = BR? + CR? = 6% + 92 = 117. Thus,

the area of the square is [ (D) 117|.



